Abstract. The classification of elliptic curves E over the rationals Q is studied according to their torsion subgroups E tors (Q) of rational points. Explicit criteria for the classification are given when E tors (Q) are cyclic groups with even orders. The generator points P of E tors (Q) are also explicitly presented in each case. These results, together with recent results of K. Ono, completely solve the problem of the mentioned explicit classification when E has a rational point of order 2.
I. Introduction and Main Results
Let E be an elliptic curve defined over the rationals Q . We consider the following two problems here: How to determine the rational torsion subgroup from the equation of E ? How to obtain the generator of the rational torsion subgroup explicitly?
From the Mordell-Weil theorem , we know that the Mordell-Weil group E(Q) is a finitely generated abelian group having the form E(Q) ∼ = E tors (Q) × Z r where E(Q) is the group of the Q-rational points of E, E tors (Q) is the torsion subgroup of E(Q) (i.e., all points of E(Q) with finite order), Z the rational intergers.
In 1977, B. Mazur completely determined all the possible types of the rational torsion group E tors (Q) in [1] [2] . He shew that the torsion subgroup must be one of the following fifteen groups:
(1 ≤ N ≤ 10 or N = 12);
And each of these groups does occur as an E tors (Q) for some E (see [4] , p223). Recently, K.Ono in [3] studied the first problem above in an aspect. When torsion subgroups E tors (Q) are not cyclic, he gave criteria to classify them. In fact, K. Ono considered elliptic curves E with E tors (Q) ⊃ Z/2Z × Z/2Z, which could be assumed to have the equation E :
He obtained necessary and sufficient conditions on M, N for the torsion subgroup to be each of the following types respectively:
(
We here will consider the case that the torsion subgroups E tors (Q) are cyclic with even order, and will solve the two problems mentioned in the beginning.
Suppose that E :
is an elliptic curve,
. Assume that f (x) has three complex roots α, β, γ, then P 1 = (α, 0), P 2 = (β, 0), P 3 = (γ, 0) are just the three non-trival points of order two of E. So E[2] = {O, P 1 , P 2 , P 3 } are the group of torsion points of order two of E. By Mazur theorem, E tors (Q) is not cyclic if and only if E tors (Q) ⊃ E [2] ; i.e., α, β, γ ∈ Q. From this we deduce that E tors (Q) is cyclic if and only if f (x) has at most one rational root. Thus we know that E tors (Q) is cyclic with even order if and only if E has just one non-trival rational point of order 2; that is, f (x) has just one rational root. Let us assume so. Then, up to a translation, we may assume this rational root of f (x) to be 0; so we have f (x) = x(x − α)(x − β). Since α + β and αβ are rationals, we have
We may further assume a, b to be rational integers and gcd{a, b} = (a, b) is squarefree. In fact, when we replace x, y by x/d 2 , y/d 3 , then the equation of E :
Our main result here is the following theorem. 
THEOREM 2. Let P n denote a generator (point) of the torsion group E tors (Q) of the rational points of order n in E. Then x(P n ) and x(2P n ) , the x-coordinates of P n and 2P n respectively, could be as in the following, where the cases and notations are corresponding to Theorem 1:
(VI) x(P 2 ) = 0.
II. Proofs of the Theorems
is an elliptic curve over any number field K, α, β, γ ∈ K. Let the point (x 0 , y 0 ) ∈ E(K). Then (x 0 , y 0 ) = 2(x 1 , y 1 ) for some point (x 1 , y 1 ) ∈ E(K) if and only if x 0 − α, x 0 − β, and x 0 − γ all are squares in K (see [5] , p85).
Proof of Theorem 1. By Lutz-Nagell theorem, any rational torsion point P ∈ E tors (Q) is an integer point, i.e., the coordinates x(P ), y(P ) ∈ Z (see [5] ). The following duplication formula could be obtained from formulae of [4] : 
Conversely, if the conditions on m, n in (I) hold, then M, N are squares in K. By Lemma 1, there is a K-rational point P of E such that 2P = P 0 = (0, 0). By the duplication formula (*) we have
. Substitute this x(P ) into the equation of E, we obtain two integer points P : 
From the duplication formula (*) and the fact that x(P ), y(P ), x(2P ), M N, a, and b are rational integers, we obtain that (i)
2 ; where c, s, t ∈ Z. These give: (iii) s 2 = a(a + c); (iv) t 2 D = a(a − c). Since (a, b) = 1 and D is squarefree, from (i) we have (a, c) = 1. So (a, a + c) = 1, and via (iii) we have a = u 2 , a + c = v 2 , where u, v ∈ Z and (u, v) = 1. Note that D is squarefree, so by (iv) we have 2u
Conversely, suppose that E satisfies the given condition. So E also satisfies the condition in Case (I). Thus E contains a Q-rational point P 4 of order 4 with
It is easy to verify that the coordinates of P 4 satisfy Lemma
. So there is a K-rational point P with 2P = P 4 , and then P has order 8 and
(P )). Substitute the relations for m, n into the this equation and the equation of E we obtain
having a rational-integer solution
It is easy to see that this is the only integer solution. Substituting this x into the equation of E, we obtain y which is obviously a rational-integer. So we find a Qrational point P 8 of order 8, and obtain that x(P
8 ) = (u + v)(v − u) 3 .
This proves case (II).
(III) Suppose that E tors (Q) ⊃ Z/6Z . Then there is a rational point of order 3 in E, denote it by P . Obviously x(2P ) = x(P ) = 0. From the duplication formula (*) we have x(2P ) = u 2 = x(P ), u ∈ Z. By the property of torsion points with order 3 (see [6] , p40), we know that x=x(P) satisfies the equation 3x
As a homogeneous polynomial equation of degree 4 in the variables M, N, andx, it could be parametrized (due to Nigel Boston, see [3] ) as M/x = (1 + t) It is easy to verify that (a
as desired. Now suppose that E satisfies the given condition of (III) . From the condition we could easily obtain a Q−rational point P 3 of order 3 with x(P 3 ) = c 2 and |y(P 3 )| = 2|a + c|c 2 (Actually, every rational point of order 3 of such E satisfies x(P 3 ) = c 2 ). Thus P 3 + P 0 = P 6 is a non-trival Q−rational point of order 6, where P 0 = (0, 0) is a point of order 2. Then via the coordinate formula for the group law of an elliptic curve, we obtain x(P 6 ) = 5c 2 + 4ac. This proves the case (III).
(IV)Suppose that E tors (Q) = Z/12Z . Then E has a rational point P of order 12. So 2P has order 6. Similarly as we just proved case (II) by using some results of case (I), we could obtain the following by using results of case (III) 
where a, b, c are as in case (III), and u, v, w ∈ Z are non-zero. From these formulae (1) (2) (3) (4) and via calculation, we could obtain the desired expression
Conversely, suppose that E satisfies the given condition in (IV). Then E satisfies the condition of case (III)
, so E has a rational point P 6 of order 6 with x(P 6 ) = 5c 2 + 4ac = u 2 . By a method similar to that in case (II), we obtain that E has a Q( √ D)−rational point P of order 12 and x(P ) satisfies the following equation:
Via a careful calculation using the condition satisfied by E, we deduce the above equation as
Thus we obtain the integer solution x = (u+v) 2 −w 2 D, and then get y = y(P ) ∈ Z. So E has a non-trival Q−rational point P 12 of order 12, and x(P 12 ) = (u + v) 2 − w 2 D. The case (IV) is proved.
(V) Suppose that E tors (Q) = Z/10Z and P is a non-trival rational point of order 5. Then it is easy to see that x(4P ) = x(P ) and x(2P ) = x(P ). Then using the duplication formula (*) as in the formal cases we could obtain that m = 2s(s + u) − v 2 , n = 2st, and (s + u) 2 − v 2 = t 2 D, (u + v)(u − v) 2 = 4uvs, where u, v, s, t ∈ Z are non-zero.
Conversely, suppose that E satisfies the condition of (V). Then from the condition it is easy to find a rational point P 5 of order 5 and obtain x(P 5 ) = u 2 , |y(P 5 )| = |u(u 2 − v 2 + 2us)|. So P 0 + P 5 = P 10 is a rational point of order 10. Then via the coordinate formulae of the additive law of elliptic curves, we obtain x(P 10 ) = 2v 2 + 4vs − u 2 . This completes the proof of Theorem 1.
